A two-dimensional word is a function on Z 2 with finite number of values. The main problem we are interested in is periodicity of twodimensional words satisfying some local conditions. In this paper we prove that every bounded centered function on the infinite rectangular grid is periodic. A function is called centered if the sum of its values in every ball is equal to 0. Similar results are obtained for the infinite triangular and hexagonal grids.
Introduction
The infinite rectangular grid is a very popular object for studying different combinatorial designs, including packings, coverings, tilings. A common question arises: does the existence of a nonperiodic design imply the existence of a periodic one with the same parameters? The answer is not always positive. For example, Robinson and Penrose proved, that for some set of tiles a tiling of the plane exists, but all such tilings are nonperiodic (see [2] , [5] ).
We introduce the notion of R-prolongable word and prove periodicity of centered functions using this notion. Earlier the same method was used for survey of another type of two-dimensional words called perfect colorings (see [3] , [4] ).
We consider some special types of two-dimensional words as functions on the infinite rectangular grid. The set of vertices of the graph of the infinite rectangular grid is Z 2 .
The type of words that we consider in this paper comes from a discrete analogue of Pompeiu's problem, which can be formulated in the following way. Let Ω be a finite set of finite subsets of Z n , G be a group of translations of Z n . The problem is to determine when the only function ϕ : Z n → Z such that x∈g (S) ϕ(x) = 0 for every g ∈ G, S ∈ Ω is the zero function (see [6] ). In this paper we focus on the cases Ω consists of one ball or one sphere. Such functions are called centered and quasicentered, respectively.
The notion of centered function was introduced as a generalization of the notion of perfect code in the hypercube [1] . Let ϕ : H n → {0, 1} be a function such that the sum of its values in a ball is equal to 1, then the vertices in which the function equals 1 form a perfect code on the infinite rectangular grid. In fact, multiplying this function by the volume of the ball and subtracting all-ones function from it, we obtain a centered function.
Definitions
Let G = (V, E) be a graph. The distance between two vertices x and y, denoted by d(x, y), is the usual graph metric. A ball B r (x) of radius r with the center at the vertex x is defined in the following way: A sphere S r (x) of radius r with the center at the vertex x is defined in the following way:
ϕ(y) = 0 for every x ∈ V .
The infinite rectangular grid
In this section we consider periodicity of centered functions on the graph Z 2 that is the infinite rectangular grid. This graph is 4-regular, its vertices are all possible ordered pairs of integers. Two vertices x = (x 1 , x 2 ) and y = (y 1 , y 2 ) are adjacent if |x 1 
We study M -bounded functions on Z 2 , i. e. ϕ : Z 2 → Z, such that |ϕ(x)| ≤ M for some integer M . These functions can be considered as two-dimensional words over the finite alphabet
A two-dimensional word ω is v-periodic (or v is a vector of periodicity of the word ω) if ω(x + v) = ω(x) for all x ∈ Z 2 . A perfect coloring that is v 1 -and v 2 -periodic for some noncollinear v 1 and v 2 , is called periodic.
We say that a two-dimensional word ω is R-prolongable if for any x, y ∈ Z 2 an equality ω|
The proof is straightforward.
Lemma 1 Let ω be a two-dimensional word over finite alphabet. If ω is R-prolongable for some R ≥ 0, then ω is periodic.
Proof. There exist two balls B R (x) and B R (y) such that ω| B R (x) = ω| B R (y) , because the alphabet is finite. Denote v = y − x. We will prove that v is a vector of periodicity. By Proposition 1, ω is R -prolongable for every R ≥ R. So ω| B R (x) = ω| B R (y) for every integer R . This means that ω(x + z) = ω(y + z) for every vector z. Consider an arbitrary vertex u.
Let w be a vector noncollinear with v. Consider the infinite set of balls {B R (kv)|k ∈ Z}. There exist two balls
Arguing as above we conclude that (k 2 − k 1 )w is a vector of periodicity. So ω is periodic.
Proof. Due to Lemma 1 it is sufficient to prove that ϕ is R-prolongable for some R ≥ r.
Consider two arbitrary balls B R (x) and
We have ψ| B R (0) = 0 by definition of function ψ. To prove that ϕ is Rprolongable we should prove that ψ| S R+1 (0) = 0. a (2) a (3) a (4) a (5) b (1) b (2) b (3) b (4) b ( This sphere consists of five sets of vertices: Fig.1 ),
where 
Now we consider elements of the sphere Fig. 2 ). Arguing as above and using method of induction, we obtain the following formulas:
where
The function ϕ is bounded, so ψ is also bounded. If α i = α i+1 for i = 1, ..., r, then |b(k(r + 1) + i)| increases as k increases, and k can be chosen as large as needed because we can take any R.
So, we proved that ψ(x) = 0 for x ∈ M 1 . The proof is similar for the sets
ψ(x) = 0, similarly for other elements of the set M 5 .
So we have ψ| S R+1 (0) = 0, therefore, ϕ is R-prolongable for some R. Now, by Lemma 1, ϕ is periodic. The theorem is proved.
Theorem 2 Let ϕ : Z 2 → Z be a bounded quasicentered function of radius r. If r is even, then the function is periodic.
The proof of Theorem 2 is similar to the proof of Theorem 1. If r is odd, then there exist periodic and non-periodic quasicentered functions of radius r, examples are in the next section.
Examples
In this section we describe one construction of centered and quasicentered functions of radius 1 in Z n . It provides us with examples, which show that Theorem 1 holds only for two-dimensional case.
Let ϕ :
Consider a function θ : Z k+m → Z, defined as follows:
Lemma 2 1. If ϕ is a centered function of radius 1, ψ is a quasicentered function of radius 1, then θ is a centered function of radius 1.
2. If ϕ and ψ are quasicentered functions of radius 1, then θ is a quasicentered function of radius 1.
because ϕ is a centered function of radius 1, so
ϕ(x ) = 0, ψ is a quasicentered function of radius 1, so
2. The proof is similar to the proof of the first part of the lemma. Example 1. The function ϕ : Z 2 → Z, given by the following formula:
is a non-periodic quasicentered function for every odd r.
Example 2. Let ψ be a centered function of radius 1 on Z 1 :
The function θ(x, y, z) = ϕ(x, y)ψ(z) is centered of radius 1 and nonperiodic; moreover, the support of this function is the plane z = y. 
The infinite triangular and hexagonal grids
In this section we consider periodicity of centered and quasicentered functions on the infinite triangular and hexagonal grids (see Fig. 3 and Fig 4) . All necessary definitions, auxiliary proposition and lemma can be given in the same way as for the infinite rectangular grid. But we have to make a remark about the hexagonal grid. The graph of the hexagonal grid is bipartite and balls with centers at vertices from different partition classes cannot be obtained one from another by translations. So we consider a function on this graph to be R-prolongable if it is R-prolongable for each partition class separately. The sets of vertices of the infinite triangular and hexagonal grids we denote by T and H correspondingly. 
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e e e e e e e e e e The idea of the proof of Theorem 4 is the same as for the infinite rectangular grid, but for the hexagonal grid there appear some technical difficulties. Details of proof one can find in Appendix.
Theorem 5 Let ϕ : H → Z be a bounded quasicentered function of radius r on the infinite hexagonal grid. Then the function is periodic.
The proof is similar to the proof of Theorem 4. 
Conclusion
In this paper we introduced the notion of R-prolongable word and used it for studying periodicity of centered and quasicentered functions on the infinite rectangular, triangular and hexagonal grids. The results of this paper can be summarized in the following We suppose, that the technique used for graphs of these grids can be also used for other transitive graphs, because the notion of R-prolongability, Proposition 1 and Lemma 1 can be generalized for this case.
Appendix.
Proof of theorem 4. A ball in the infinite hexagonal grid has a little bit more complicated structure than in the rectangular and triangular grids, so there appear some technical difficulties. First, there are 3 types of boundary vertices in a ball in the infinite hexagonal grid. We will consider each type of vertices separately. Secondly, spheres of even and odd radii should be considered separately, because they differ by the structure of boundary. A sphere of even radius r looks like a hexagon with sides of length + 1 (side with vertices of type 1). Fig. 9 and 10 illustrate balls of radii 5 and 6 respectively. Thirdly, in the proof of the theorem we have to consider up to 4 lines instead of 2 lines to obtain a contradiction. This is the reason why the theorem holds only for r ≥ 3. The idea of the proof is the following. Arguing as for the infinite rectangular grid, it is sufficient to prove that there exist R ∈ Z such that for every vertex x the condition ψ| B R (x) = 0 implies ψ| S R+1 (x) = 0. Values of the function on the vertices of the layer i (i.e. vertices of the sphere S R+i (x)) are obtained by considering balls of radius r with centers at vertices of the sphere S R−r+i (x). (2), ..., and at last we obtain the fourth layer (d (1), d(2) , ...), using values on previous layers. If a(i) = 0, we obtain growing values, that contradicts the condition that ψ is bounded. Now let us consider details of each case. (4) a(p) (2) 
Arguing as in the case of the infinite rectangular grid and using method of induction, we obtain the following formulas for c(kn
Values of the fourth layer
By the same reasoning as for the rectangular grid, the fact that the function ψ is bounded implies that β i = β i+1 for i = 1, ..., n − 1. Then
Case 2: r is even, vertices of type 2. This case is similar to the case of the infinite rectangular grid.
Case 3: r is odd, vertices of type 1 (see Fig. 11 ). In this case, we should consider 3 layers. Denote n = In the same way we get that a(k(n + 1) + i) = α i = 0 for i = 1, ..., n + 1; k(n + 1) + i ≤ p.
Case 4: r is odd, vertices of type 2 (see Fig. 12 ). In this case, we should consider 4 layers. In this case, p = Again we get that a(kn + i) = α i = 0 for i = 1, ..., n; kn + i ≤ p. The values of ψ on the vertices of type 3 are equal to 0, that can can be proved in the same way as for the rectangular grid.
We proved that the function ϕ is R-prolongable. By Lemma 1, it is periodic. This completes the proof.
